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Abstract 

We explore, in the general relativistic context, the properties of the 
recently introduced GPS coordinates, as well as those of the associated 
frames and coframes that they define. We show that they are covariant, 
and completely independent of any observer. We show that standard 
spectroscopic and astrometric observations allow any observer to mea- 
sure, from (i) the values of the GPS coordinates at his position, (ii) 
the components of his [four-] velocity and (iii) the components of the 
metric in the GPS frame. This provides to this system an unique value 
both for conceptual discussion (no frame dependence) and for practical 
use (involved quantities are directly measurable): localisation, motion 
monitoring, astrometry, cosmography, tests of gravitation theories. 

We show explicitly, in the general relativistic context, how an ob- 
server may estimate its position and motion, and reconstruct the com- 
ponents of the metric. This arises from two main results: the extension 
of the velocity fields of the probes to the whole (curved) spacetime; 
and the identification of the components of the observer's velocity in 
the GPS frame with the (inversed) observed redshifts of the probes. 
Specific cases (non relativistic velocities; Minkowski and Friedmann- 
Lemaitre spacetimes; geodesic motions) are studied in details. 



1 Introduction and notations 

In general relativity, " real " quantities are represented by covariant ob- 
jects, i.e., defined independently of any frame or system of coordinates. 
A moving object (hereafter, a probe) is represented by its worldline, and 
the associated [four-] velocity, [four-] acceleration vectors... All these en- 
tities are covariant. An observer, as a particular case of moving object. 
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is also represented by its (covariant) world line, velocity and acceler- 
ation. An observation requires an observer and an observed system, 
both described by covariant quantities. Any observable quantity is a 
scalar covariant combination (usually a tensorial contraction) of co- 
variant quantities associated to the observer and the observed system. 

Most often, calculations in general relativity cannot be performed 
without the auxiliary introduction of specific frames (or coordinates). 
This perfectly justified procedure introduces however a risk of mis- 
interpretation of the intermediary frame-dependent (thus, non covari- 
ant) quantities introduced. In addition, one has to distinguish between 
observer-dependent and observer-independent results. Thus, one has 
usually the alternative between covariant and observable quantities on 
the one hand, and frame-dependent quantities on the other hand, which 
can be more easy to calculate but require special care to be converted 
into really observable quantities. 

This motivates the introduction of the following GPS coordinates 
which are covariant and observable. Let us emphasize that the quasi 
totality of coordinate systems used in general relativity calculations 
do not offer these advantages. In addition, this system of coordinates 
is completely observer independent. This allows easy comparison of 
measurements made by different observers, or by the same observer at 
different locations. This makes possible to know what another observer 
would observe in the same situation. Finally, even for a well defined 
observer, there is no global frame canonically defined (see, e.g., @]), so 
that any observer-dependent frame involves an undesirable arbitrari- 
ness, which is removed with the GPS coordinates. 

GPS coordinates have been recently introduced by Rovelli (7j and 
also, independently, by and |Hj under the name emission coordinates. 
They are covariant; they represent directly measurable quantities, and 
they are independent of the observer. They show some similarities 
with the optical coordinates introduced by which however are ob- 
server dependent. The denomination " GPS coordinates " comes from 
the fact that their definition assumes the existence of four reference 
probes, a situation which corresponds to the well known Global Posi- 
tioning System (GPS, see for instance (3). However, their use is much 
more general, since they can be defined from any system of " probes " , 
that we define here as objects emitting a signal. They can be part 
of system of artificial satellites (like the GPS), but also stars, pulsars, 
galaxies... This system of probes constitutes what is called a generic 
and (almost) immediate location system by 12]. The only requirement 
is that an observer is able to measure the direction and the arrival time 
of the emitted signal (in his proper time) and its redshift. It is shown 
below how this allow to construct the GPS coordinates and different 
additional quantities. This makes GPS coordinates very convenient 
for localization, astrometry, tests of gravitation theories, cosmography. 
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Note that the situation can be improved in especiaUy designed experi- 
ments, where the probes send additional information, hke for instance 
the instant (in any time coordinate) of the signal emission. Moreover, 
a further improvement (auto-located positioning systems, |2) occurs 
when the probes also transmit the values of the proper time informa- 
tion that they receive from the other probes. But we will not consider 
explicitly such cases in this paper. 

In [7], Rovelli has introduced several fundamental properties of 
the GPS coordinates system, and derived their explicit calculation in 
Minkowski spacetime (see also |2 and [O]). Here we extend these cal- 
culations, and introduce the frames and coframes defined by the GPS 
coordinates. We show that they are also covariant, in the general 
relativistic meaning; that they do not depend on any observer, and 
that their components can be measured, in a manner that we specify 
explicitly. Our calculations apply to an arbitrary spacetime with cur- 
vature. They are valid in the context of any metric theory (including 
general relativity) and thus allow potential applications for checking 
gravitation theories. 

Observer's frames 

On the other hand, it may be convenient for an observer to chose a 
preferred frame for making his calculation, expressing and interpreting 
his observational results. The timelike direction defined by his four 
velocity allows a local (strictly speaking, infinitesimal) space + time 
splitting. We will indicate precisely the passage between an arbitrary 
frame (for instance one linked to an observer) and the GPS frame. We 
show the nice property that the (inverse) velocity components of the 
observer, in the GPS frame, identify with the set of the redshifts he 
receives from the probes. 

After recalling some geometrical results of differential geometry 
1)1.1(1 . section ||2Jl first considers the question of the observation of a 
probe by an observer, in a metric theory. Then, in (j2Jl, we study the 
coordinates, frames and coframes defined by a set of four such probes. 
In we present potential applications, and finally (0), we apply our 
results to the simplified case of Minkowski spacetime, and recover some 
results already found in the literature. 

1.1 Geometrical preliminaries 

At any point m of a differential manifold A4 (here, spacetime), the 
tangent space Tm-M is dual to the cotangent space T*„A^. The du- 
ality is however not canonical, in the sense that there is no natural 
association of a one-form to a vector. There is however a natural way 
to define the dual of a frame (e^J as the cofranie (e^) defined through 
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Each is a vector; each is a one form, and the brackets represent 
the action of one-forms on vectors. Note that this frame duahty does 
not depend on any metric. 

We assume now a (Lorentzian) metric g. A null frame {efj,) is such 
that 

5mm = gi^t,, e^) = • = 0, 
(no sum over indices). A mill cofram,e is such that 

Note that the dual of a null coframe is not a null frame, and recipro- 
cally. 

To any vector V, the musical isomorphism (or " canonical isomor- 
phism " ) associates the one-form bV defined through 

g{V, W) = V -W =<\>V,W >, VW. 

Similarly, to a one- form 6, one associates the vector jj^ such that b(P) = 

e. 

To a given frame (e^), the musical isomorphism associates the 
coframe (be^). In general, it does not coincide with the dual coframe 
(e''). Only when the frame is orthogonal (as it is common in standard 
calculations), the two coframes coincide, up to constants. This is not 
the case for null frames or coframes. 

In the following, we will consider the holonomic coframe (u)" = ds") 
associated to the GPS coordinates (s"), and its dual frame (Wq, = ^fs-); 
but also the musically transformed frame (O^ = 'ito"), and its dual 
coframe (O" = \>uja)- 

Let us also recall that a frame is holonomic, when it is linked to 
(local) coordinates. In this case, one can write (locally): 

d 

OJ" = ds", OJa = = da- 

2 Observing a probe 
2.1 Probes 

Very generally, we call a probe any object emitting an observable sig- 
nal, which can be used as a reference. The only requirement is that an 
observer can measure the arrival time of a signal (in his proper time) 
and its redshift. As we will see below, this gives direct access to the 
proper time of the signal emission by the probe, which is at the basis 
of the formalism. Typically, the probe can be a GPS satellite, hence 
the denomination. It can also be a star (in particular a pulsar) send- 
ing its radiation, which may constitute an efiicient astrometric tool. 
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This can be also a distant galaxy, or a quasar, in cosmology. In some 
circumstances, the probe can be a member of an especially designed 
system of satellites (e.g., the GPS system or the LISA experiment). In 
this case, these satellites can send some additional information, offer- 
ing additional possibilities, including the tests of metric theories. In 
this paper, we do not explore such opportunities, and only consider 
the basic case where we can measure the arrival time and direction, 
as well as the redshift of the signals, from which results the (probe's) 
proper time of emission, s. 

The motion of the probe (assumed to be given) is defined by its 
time line s i— > -P(s), with s its proper time. We do not assume geodesic 
motion. Although, in general, the observer has no direct access to s, 
he can in fact monitor its value by integration of the redshift, as shown 
below. Thus we consider s as a measurable quantity. The (normalized) 

velocity of the probe, u = \p, defines a vector field along its world 
line. It verifies u ■ u — 1. We will show below how to extend this 
velocity field to the whole spacetime. 

The proper time of the probe, s, is defined along the world line 
P only. We extend it as a function x t—^ s{x) defined " everywhere " 
(hereafter, " everywhere " means the region of spacetime where these 
coordinates are well defined; see the discussions by '7' and [S]) : at any 
event x in spacetime, s{x) is defined as the proper time of the probe, 
when it emitted the light ray reaching x (see the discussion in T for 
the case where many light-rays reach the observer). In other words, 
the hypersurface , of equation s = so is the future light cone of the 
probe at its proper time sq (figure^. This is a null hypersurface (for 
the properties of null hypersurfaces, see iSj). It is a fundamental fact 
that s is an observable quantity. 

Each Eg admits a one dimensional vector space of vectors orthogo- 
nal to it, at any point. These vectors are all proportional to [Ids. Since 
the surface is null, these vectors are also tangent to it, and they are 
null vectors (jjds-jjds = 0). Their integral lines are null geodesies which 
constitute the null generators of Eg. They are the future directed light 
rays emanating from the event P{s). In a null surface, the null vec- 
tors cannot be normalized like for a spatial surface. However, one may 
select here an unique orthogonal vector, from the form to = ds, which 
is well defined over Eg (except on the line P itself, where E^ becomes 
singular). The canonical isomorphism (generated by the metric g of 
spacetime) transforms the one form uj to the vector = jjo; such that : 

< uj,n >= g{n, Q) = Q -^1 = g{uj, lu) ^ 

(see the detailed proofs in 3 ). This implies 
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which means that Q and lu are parallelly transported by Q, that the 
null lines generated by O are geodesic, with an affine vector along 
them. The vector O is the frequency vector ^ of the light ray (here 
normalized so that the emitted frequency is unity). 

Note that and uj are not defined on the world line P itself. How- 
ever, for each light-ray, it is possible to extend them by continuity, so 
that they are parallelly transported : this allows us to consider parallel 
transport along the null geodesies, including their intersections with P. 

Note that the function s(x) obeys the equation 

W[P{s{x)),x]^0, (1) 

where W{x,y) is the world function 8 , defined as half the geodesic 
distance between the two points of spacetime x and y. 

2.2 Extending the velocity of the probe 

Now let us define " everywhere " the time like vector field u obeying 
the following requirements: 

• it is normalized: u ■ u — 1; 

• it is parallely transported along the null generators: 

Vow = 0. 

Note that we have extended above the parallel transport up to 
the line P{s) itself, and we require that u is parallely transported 
in this way. 

• It coincides with the velocity of the probe P along its worldline. 
Thus, it may be seen as the velocity of the probe, transported 
everywhere by the null generators. 

Since 17 is also parallely transported by itself, this implies that < 
bu, il >= u ■ VI is constant along the null generators (the light rays 
from P). 

To apply the third condition, we consider the 2-surface Ti generated 
by the probe world line, and the light-rays reaching the observer, at 
successive moments (see figurelSJ. It also contains the observer's word 
line. The vector field u — is well-defined on the observer's world line. 
It represents the relative [four-]velocity of the probe with respect to 
the observer. 

The two vector fields u and are well defined on 7i, including the 
world line P thanks to the mentioned extension. Moreover, U, remains 
tangent to TL. On P, the scalar product ^ ■ u ~ \ because there the 
velocity u = Since this product is preserved by the null generators, 
as shown above, this implies that it keeps the value 1 on S^: 

Q, ■ u = 1 everywhere. 
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Figure 2: The surface Ti. contains the world line of the probe and of the 
observers, as well as the light rays from the former to the latter. 

one main result of this paper. This allows the decomposition 

= u + v, 

where the (spacelike) vector v verifies v ■ 1/ = —1, i> ■ u = 0. 
2.3 Observers and redshifts 

An observer is defined by his worldline a h- > 0(cr), along which flows 

his proper time a. His normalized velocity V = with V ■ V = 1. 
By definition, he sees the probe with a redshift 
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along his world line. 

Since lie can monitor this rcdshift as a function of his proper time, 
z{a), this gives him access (up to an additional constant) to the proper 
time of the probe at the moment of emission: 

,W = /..^l = /<,.^ + c-. 

This makes s((t) an observable quantity, as annouced. 
On the other hand, it is easy to show that 

ujp) ■ njp) ^ 1 ^ 1 
v-n{o) v-n{o) <w,y>(0)' ^' 

where (O) and (P) mean that the quantities are evaluated at observer's 
and probe's position respectively. Note that z{a) is a perfectly measur- 
able, and covariant quantity. But it is observer dependent (it depends 
on his velocity). Through this integral, the covariant quantity s{a) is 
also measurable, up to a constant (we can imagine an optimal situ- 
ation where this value is directly sent by the probe). The covariant 
spacetime function s{x) is observer-independent. 

It is a fundamental fact that the observer is able to estimate the 
value of s by monitoring the redshift as a function of his proper time, 
z{s), and by integrating this relation. (In some specifically designed 
experiments, like in a future version of the GPS system, the probe may 
emit explicitly the value of s, which would allow additional possibili- 
ties.) 

By projecting the velocity V of the observer onto the vector O, one 
obtains 

n = ^— (V -n), n-n = -1, n-V = 0, V-V = l. 

The vector n represents the spatial (unit) direction in which the ob- 
server sees the probe. For the observer, this vector is purely spatial 
in the sense that it is orthogonal to his velocity V, which defines the 
time direction for him. Note that the observer is able to monitor this 
direction, which is also a covariant (but observer dependent) quantity. 
Taking into account it • O = 1 , this relation implies 

1 + z — u-V — u-n. (3) 

We emphasize that these relations hold in any spacetime, for any ob- 
server, and for any metric theory. 

2.4 Non relativistic motion 

All formulae above hold for arbitrary velocities. If we work in the Solar 
System, or in the Galaxy (i.e., for instance, with pulsars), the velocities 
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involved are most often non relativistic, which corresponds to z << 1. 
All scalar quantities can be developed in this small parameter. We 
have for instance 

^■V = ~ 1 - z ^ Q.-{u-V)k. z. 

This relation was obtained in Minkowski spacetime by [^1, and is at 
the basis of their analysis of pulsar timing. We have shown here that 
it remains true in an arbitrary spacetime. 

When the probe (e.g., a pulsar) has an intrinsic period T, the ob- 
server monitors a period 

Tof,, = T (1 + z) = 1 - u ■ n + 0{z^). 

To continue, we may assume that the pulsar has an intrinsic vari- 
ation T of its period. Then, by writing (|3J) at two successive instants, 
one obtains the observed period variation 

r„,.5^.r(i + =) + r^i^ W 

This is an exact formula. However, the expression of ^ is quite com- 
plicated. [H] have given an approximation of it, which is valid for small 
redshifts, and in Minkowski spacetime. 



2.5 Application to Minkowski spacetime 

The case of Minkowski spacetime is particularly simple. Without 
loss of generality, we can place the observer at the center of spatial 
coordinates: O = (t = cr, 0,0,0), so that his velocity has components 
y = (1,0,0,0). A radial hght-ray arriving to the observer has a (future 
directed) afRne tangent vector fi, with components (if, —if, 0, 0), with 
if > 0. And the probe has a velocity (m*, u'', m^, u*^), with u'' > for 
a probe moving away from the source. Then it is trivial to form the 
scalar products ^ ■ V = K and ^ ■ u = K {u* + u^), from which it 
results 

1 + z = u* -I- u'^ sa 1 -I- u'^, 
where the latter approximation holds for non relativistic motion. 

2.6 Application to cosmology 

In a Friedmann-Lemaitre universe, with metric in the Robertson- Walker form 

g^dt^ - a{tf [dr^ + f{rf (dO^ + sin^ d dip^)], 

the observer is assumed at the center of spatial coordinates, so that 
his velocity has components V ~ (1,0,0,0). The null radial vector 
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n = n'' dt - dr, with metric dual uj ^ fl^ dt + a{t) dr. The 
requirement to be an affine vector imphes fi* — K/a{t), with K a 
constant along the light ray. The value of the latter is fixed by the 
condition 

l = u-n = ^^[u\P)+aiP) u^{P)], 

where (P) means evaluated at the position of the probe. This allows to 
find the expression for the extension of the velocity field of the probe 
everywhere. In the case where the velocity is purely radial [u^ = u'^ = 
0), we obtain 

. 1 ,K a , 
la K 
l a K 



where we defined 

K = ap [u\P) - ap u'^(F)] 



ap 



u^{P)+ap u'-(F) 
Using H. ■ V = fl* ~ K/a{t), we obtain the redshift 

l + z^^^^^[u\P) + aiP) u^iP)], 

which reduces to the usual formula 1 + z = -^pj for a comoving galaxy, 
defined by = 0, u*(P) = 1. 



3 GPS coordinates and frames 
3.1 Coframes and frames 

Now we assume four probes P" (a = 1,2,3,4) and adopt, like in [7], 
the four corresponding functions s" as coordinates (see [7] and [HI for 
discussions about the range of validity of these coordinates, to which 
we refer as "everywhere "). As emphasized above, these coordinates 
are measurable. They define the coframe (w" = ds"). By definition, 
the contravariant components of the metric tensor are given by 

g"''^ ^ uj" ■ uj'^ . 

As we have seen in each s" is a null function, so that 

5"" ^u" -to" = 0. 
This means that (w") is a null coframe. 
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a;" = ds" 


— da 


rj"" = \>OJa = \)da 


^a = tta;° 


null 
holonomic 
coframe 


holonomic 
frame 


coframe 


null 
frame 



Table 1: Frames and coframes linked to the GPS coordinates 



This coframe is holonomic. Its dual frame, given by {uja = da = 
obeys the duality relations < Lo'^^dp >— S^. We have by defini- 
tion, 

3q/3 = da ■ dp. 

The covariant components gap of the metric are defined, as usual, from 
the relations gap — g'^^ ga-^ gps- Note that, in general, gaa 7^ 0, so 
that (da) is not a null frame 

To the system of coordinates (s"), are naturally associated the 
(holonomic) frame and coframes da and uj". These frames involve 
only covariant quantities. They are defined " everywhere " . They are 
completely independent of any observer. 

The musical isomorphism (see ^ defines the vectors jjw" = fla 
(despite the upper index, the jjcj" are vectors) through 

< uj°',np >= Lu°' ■ = na ■ np = g'^^. 

Since g"" — 0, (ri^) form a null frame. 

As vectors, the ^la 's can be expanded in the {da) basis: 

na = 5"'' dp ^ {Uaf = {npr = g'^^. 

See table 1 and figure|2|for illustrations of these frames and coframes. 
3.2 Measurements 

Measurements are performed by an observer, that we assume given by 
his world line <j 1— > 0(cr), ct being his proper time, that he is able to 

read on his clock. His (normalized) velocity vector, V = -4-, defines 
a natural time direction for him, at each point of his word Tine; and, 
by othogonality, a set of spacelike directions. In the following, we will 
assume that the observer used this natural time+spacc splitting to 
define (locally) an ON frame (e/) = (eg = V, e^), with / = 0, 1, 2, 3; i = 
1,2,3. We do not care about the way the spatial part of this frame 
(the ei's) is defined. 

By spectroscopic observations, the observer is able to estimate the 
redshifts corresponding to the signals emitted by the four probes, . 
As we will see, these observed quantities play a fundamental role. As 
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any vector, the observer's velocity can be expanded in the basis as 
V — V" da- From it results the very important relation 

V ■nc,^<oj°',v >^v"' ^ 



1 + z°' 
This implies 

V = 9o : 

1 + 

the inverse components of the observer's velocity reduce to the redshifts 
with respect to the probes. It results that, from the observed redshifts, 
the observer can derive the components of his velocity in the GPS 
frame, and thus monitor his motion. Note that the four redshifts are 
linked by the relation 

^ 

The frames and coframes defined by these coordinates are also co- 
variant and independent of the observers. However, observations do 
not give direct access to the components of vectors, forms or tensors. 
Those are generally evaluated in a given reference frame, chosen for 
convenience (although the physics should be independent of such a 
choice). 



3.3 The reconstruction of the metric 

All the components of the metric tensor (in the GPS frame) identify 
with covariant quantities (in general, a tensor is a covariant quantity, 
but not its components). In addition, they are (as they must) com- 
pletely observer independent. Now we show that these components are 
directly measurable. 

The observer is able to project any quantity (like a vector or a 
tensor) , at his position, parallelly and orthogonally to his velocity vec- 
tor V. He will interpret the projected quantities as temporal and 
spatial components. Note that this decomposition, although of course 
observer dependent, remains perfectly covariant (does not require the 
introduction of any frame). In particular, 

f^a = V^"(V^-n„); y" = -^, 

-L -}— Z 

and its metric dual (musical) version 

= {W - bn„), 

where 

Ua • ria — \>na ' ^tla = —1, V ■ Tla ^ 0, V ■ V = 1. 
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The spatial normalized vectors n^'s represent the (spatial) directions 
of arrival of the signals of the four probes. The bn^'s are the spatial 
normalized one-forms, which represent the corresponding wavefronts. 

The observer is able to monitor these directions (in any frame), 
and thus to estimate the scalar products Kajs = Ua ■ np (obeying 
Kaa = ~1)- These measurable quantities are frame independent. 

Some easy algebra shows 

ria = —V^ Kaf} dp (sum on /3). 
Also, from the relations above, 

5"/' = J7„.l], = ^^(l + if„,) 

(no sum on indices). It results that all the metric coefficients g°'^ 
are measurable by the observer. By matrix inversion, he may also 
reconstitute the matrix gap- This possibility to reconstruct the metric 
has also been considered in the 2 dimensional case by 
Observer dependent frames 

The observer may select three of these vectors, il^, that we label now 
with latin indices i,j = 1,2,3. With his velocity V, they constitute a 
perfectly valid frame, although observer-dependent. It was introduced 
by Synge [5] under the qualification of " optical ". Also, the three 
spatial vectors n^, with V , constitute a frame of a more usual form, 
with one timelike, and three spacelike vectors. In this case, we will 
label V by the index 0, and it is easy to establish that, in this frame, 

.900 = 1, .9oi = 0, .g.y = K'^ . 

Thus, the observer is also perfectly able to reconstruct the metric co- 
efficients in this frame. 



4 Potential applications 

Via the measured redshifts (or directly in appropriate situations), the 
observer can monitor the s" as a function of his proper time. It is 
also able to measure the scalar products K°'l^ , and thus to reconstruct 
completely the metric as indicated above. Since the GPS frame is 
defined everywhere, it is possible to perform the same measurements 
from other places : directly, following the observer's motion moving in 
spacetime; or indirectly, using measurements from other probes, which 
play the role of additional observers. The procedure above provides 
the metric coefficients in the different corresponding points of space- 
time. By derivations, this would give access to the components of the 
connection and of the curvature. 
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In any case, the observer can monitor the redshifts along his world 
line, i.e., with respect to his proper time a. Then, 



da do- 

This relation allows him to calculate his own acceleration A. This 
could be at the basis of experimental tests of gravitation theories. 

If the probes send an additional information, under the form of 
a variation of the period of a signal emitted by the probe (this is the 
case from a pulsar), the relation Q brings then more constraints to the 
parameters of the system. They can be used for instance to determine 
the acceleration of the earth, or of the Solar System (see 0). 



4.1 Localization 

The observer may wish to use such coordinates for his localization. 
In some sense, this is a triviality since the s" are already bona fide 
coordinates, their measurements provide formally a perfect localiza- 
tion. In general, however, the observer is not interested by localization 
with respect to the probes, but rather with respect to a more usual 
system of coordinates x^, like for instance a terrestrial one. In such a 
case, he would renounce to covariance, without interest for his purpose. 

This requires no more than a simple conversion of variables (s") ^ 
(x^). This possibility is guaranteed by the fact that the s" are true 
coordinates. Explicitly, it requires the explicit knowledge of the ephe- 
meris ^'(^■)(s") of the four probes, in his favorite coordinate system. 
For a system of artificial probes, they are perfectly known, and the 
conversion is simply a matter of calculations, although there is no 
general analytic expression for them in non flat spacetime. In practice, 
the ephemeris has to be inserted in the world equation. 

This provides the formulae for the change of coordinates, s°'{x^), 
and its inverse x^{s°'). From this, the Jacobian provides the transfor- 
mation matrices for the change of frames: 

This allows us to express the vectors [one-forms] of this frame in 
the other arbitrary frame [coframe]. 

= ds" = e^ = e^. 



Note that the last formulas apply even when the new frame is not 
holonomic (i.e., does not correspond to a system of coordinates). 



16 



These formulae would be useful when an observer wishes to evaluate 
tensorial components in his personal frame (at the price of loosing 
covariance and observer's independence). Note that the knowledge 
of the explicit correspondence requires to know the ephemeris of the 
probes. 



5 Application to Minkowski spacetime 

In flat Minkowski spacetime, the properties of parallel transport imply 
that the four velocities u" are vectors constant on each light-cone. 
The positions X = 0{a) of the observer, and of the probe may be 
considered as vectors, and we define the separation vectors (between 
the probes and the observer) 

= - X. 



Note that D'' ■ D'" = 0. 

It is easy to establish the relations 



V" = 1 + z 
ttn" = V 



D-^ ■u°' 
■ V 



It results 



• V 



(£>" • u") {Dl^ ■ uf^) ■ 

If the motions of the four probes are geodesic, we have P" = Pq + 
u" s", where Pq represents the origin of the geodesic motion of the 
probe a. Defining the four vectors — X ~ Pq , we obtain an explicit 
expression for the GPS coordinates. 



This expression has been found by in the case where the four probes 
start at the same origin {Pq = 0). 



5.1 Localization in Minkowski spacetime 

The observer monitors the GPS coordinates (s"), and wishes to know 
the coordinates in his favorite frame, like the terrestrial one. The 
conversion requires to know the ephemeris of the four probes, P^^-^{t), 
where t is an arbitrary parameter, that we take to be the time function 
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in the terrestrial frame. Each ephemeris may be easily explicited, along 

the worldline of the probe, as a function of its proper time, giving after 
conversion: -P(^)(t) = n^^j(s"). Then, we have simply to solve the 
system of four equations 

for the four values of a. Here, the n|'^j(s") are the functions derived 
from the ephemeris, and the unknown are the four which represent 
the coordinates of the observer in the desired frame. 

Of course, the system becomes more complicated when there is 
curvature, but without problem to be solved numerically. 

6 Conclusion and discussion 

The GPS coordinates and corresponding frames offer a series of ad- 
vantages. First, they arc covariant quantities. It is not common in 
general relativity calculations to dispose of coordinates or frames with 
this property. This provide to them an absolute and intrinsic charac- 
ter, whic;li is however balanced by the fact that they depend on the 
choice of a set of probes. 

Second, they are completely independent of the observer. This al- 
lows different observers, or an observer at different locations in space- 
time, to compare directly different observational results and to inter- 
pret them, without involving different coordinates systems and frames. 

We have shown how their use. with that of the associated frames 
and coframes, allow the complete reconstruction of the metric and, in 
some circumstances, of the curvature and connection. 

In the previous analysis, we have considered four probes and an 
observer. But the treatment of the observer is perfectly identical to 
those of the probes (the velocity V of the observer is analog to that, 
u, of a probe; his proper time a is analog to that, s, of the probe). 
Thus the observer can perfectly be a probe of the same type, i.e., a 
fifth satellite. Conversely, one of the probe can be chosen to be the 
terrestrial observer. In this case, one looses of course the independence 
w.r.t. the observer, but this case allows the easy reconstruction of a 
frame with more usual properties, involving timelike (for instance V) 
and spacelike vectors. 

The possible applications are numerous. This allows not only the 
(relative) localization of the terrestrial observer, but also the monitor- 
ing of its motion (velocity and acceleration) , as well as the reconstruc- 
tion of the metric, curvature and connection components. The latter 
possibilities open the opportunity to combine the different relations 
established above (which remain valid in any metric theory, not only 
in general relativity) to provide checks of the gravitation theories. 
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As we have remarked, the properties of a system of pulsars show 
many similarities with those of a GPS system. This allows to use such 
a system for precise astrometry, in the general relativistic context (see 
for instance the discussions in 

Finally, the situation also applies to cosmography. Although the 
metric of a Friedmann-Lemaitre universe model is generally put un- 
der the Robertson- Walker form, it is perfectly possible to express it 
by using GPS coordinates defined from a set of four distant galaxies, 
which may be assumed (or not) in free fall. This is feasible in different 
manners, which correspond to different choices of the probes. 

More generally, any metric can be expressed in a GPS frame. This 
can be done directly, by searching for the coefficients expressing the 
change of frames. More easily, this could result from the choice of a 
set of convenient probes, from which the coordinates and frames are 
defined as above. 

The exploration of such possibilities, for systems of artificial satel- 
lites, for cosmology, and for the Schwarzschild metric, are in progress. 
Acknowledgments. I thank B. Coll and J.M. Pozo for useful com- 
ments on a first version of this paper. 



References 

Bolos V. J., Intrinsic definitions of "relative velocity " in general 
relativity (arXiv:gr-qc/0506032) 

Coll B., Ferrando J.J. and Morales J. A. 2006, A two-dimensional 
approach to relativistic positioning systems, arXiv:gr-qc/0602015j 

Gourgoulhon E. and Jaramillo J. L. A 3+1 perspective on null 
hypersurfaces and isolated horizons, ( arXiv:gr-qc/0503113| | 



Lachieze-Rey M., Space and Observers in Cosmology, 2001, A&A, 
376, 17-27 (gr-qc/0107010) 

Parkinson B. W. and Spilker J. J. , eds.. Global Positioning Sys- 
tem: Theory and Applications, vol. I and II (P. Zarchan, editor- 
in-chief), Progress in Astronautics and Aeronautics, vol. 163 and 
164 (Amcr. Inst. Aero. Astro., Washington, D.C., 1996). 

Pozo J.M. 2006, SOME PROPERTIES OF EMISSION COOR- 



DINATES, |arXFv:gr-qc/0601125 



Rovelli C, GPS observables in general relativity, Phys. Rev. D 65, 
044017, 2002 (gr-qc/0110003) 

Synge J L , Relativity: the general theory. North Holland 1960 
Zakamska N. L. and Tremaine S., |arXiv:astro-ph/0506'548| 



19 



